
Vol. 3, No.  6 ,  Nocrinber-December 1970 VISCOELASTIC LATEX PARTICLES 755 

Coalescence of Viscoelastic Latex Particles 

C. W. Stewart* and P. R. Johnson 

Contribution No. 235 from the E. I. du Pont de Neniours und Coniyuny, Elustonier 
Chemicals Department, Wilmington, Deluwure 19898. Receiced Muy 29, 1970 

ABSTRACT: Previous hypotheses for the mechanism of film formation of latexes are extended to include 
particles composed of general linear viscoelastic materials. The use of integral operator constitutive relations 
permits calculation of the distance of approach of two particles as a function of time for arbitrary contact pressures. 
The time required for sintering of a polystyrene latex near the glass transition temperature is calculated and com- 
pared with the experimental value obtained by thermal analytical methods. 

I. Introduction 

The use of polymer latexes in such applications as  
paints, paper coatings, or textile sizings and the produc- 
tion of thin-walled articles by a coagulant dipping pro- 
cess requires thai. the latex form a continuous film on  
drying. Therefore, a n  understanding of the mechanism 
and forces involved in the coalescence of latex particles 
is not only desirable, but also has obvious practical 
importance. 

Bradford lz2 and coworkers proposed that the sinter- 
ing of latex particles occurs as a result of the viscous 
flow of polymer, according to  a well-known equation of 
Frenkel. The s,hearing stress necessary for particle 
coalescence is provided by the polymer surface tension. 

Brown? suggested that water evaporation from the 
capillaries in a partially dried latex provides the driving 
force for coalescence. As a first approximation he con- 
sidered the deformation of two purely elastic spheres and 
assumed that the shear modulus of the material relaxes 
with time while the deformation remains constant. 
Brown then proposed that the minimum temperature 
for film formation is that temperature a t  which the 
shear modulus relaxes to  some specified value during 
the time available for complete evaporation of the 
water. 

Brodnyan and Konenb attempted to  test Brown’s 
hypotheses by deiermining the minimum film formation 
temperatures of s,everal polymers and comparing these 
values with the temperature dependence of the dynamic 
shear modulus at a n  arbitrary frequency of 0.055 cps. 
They found that Brown’s theory was a good first ap- 
proximation but it could not account for the influence 
that the chemical nature of polymers have on  the film- 
forming temperatures. Furthermore, it is well known 
that in many cases latex particles continue to  coalesce 
even after all the water has been removed and the rate of 
this coalescence depends on  the temperature. 

In this article, the theory of latex particle coalescence 
is extended to  include directly the viscoelastic character 
of the polymer. The approach taken employs the well- 
known solution of the contact problem in the linear 

* To whom correspondence should be addressed. 
( I )  R.  E. Dillon, L.  A .  Matheson, and E. B. Bradford, J .  

( 2 )  W. A. Henso,i ,  D. A.  Taber,  and E. B. Bradford, Iiirl. 

(3)  J .  Frenkel, J .  Phys.  U S S R ,  9,385 (1945). 
(4) G. L. Brown,/ .  Po/),rn. Sci., 22, 423 (1956). 
(5)  J .  G. Brodnyan and T. I<oiien, J .  Appl .  Po[.ri?i. Sci., 8, 

ColloidSci., 6, 108 (1951). 

Eng. Chem., 45,735 (1953). 

6x7 (1964). 

theory of viscoelasticity.6-* I t  is found that the time 
dependence of an  auxiliary response function, or ap- 
proximately the shear creep function, following a step- 
wise application of the stress determines the rate of 
coalescence. By this direct approach the time required 
for complete film formation can be calculated once the 
rheological properties of the polymer are known and the 
capillary forces which cause coalescence have been spec- 
ified. 

As mentioned above, Brown? chose the time and 
temperature dependence of the shear relaxation function 
G(r) rather than its Stieltjes inverse, the creep function 
J ( t ) ,  as the characteristic property of the polymer which 
determines the rate of coalescence. F rom the Boltz- 
mann superposition principle, it can be shown9 that 
J(r)G(r) 51 for all values of t ,  so that each drop in 
G(t) always occurs a t  a shorter time than the correspond- 
ing rise in J(r). Thus, one would expect Brown’s ap- 
proach to provide a lower limit for the time required for 
coalescence t o  occur, and the degree of approximation 
should depend on  the rate of change of C(r) with time. 

Voyutskii’O has pointed that other factors, such as 
autohesion and the nature of the surfactant, should also 
be taken into consideration in a complete study of the 
mechanism of film formation. Since these have been 
neglected, the present paper remains as an  approxima- 
tion which is valid only when the contributions from 
these factors are known to  be small. 

11. Theory 

Consider as a n  analog of latex particle coalescence 
two spherical particles of radius R in contact. I t  is 
assumed that the particles are composed of the same iso- 
tropic linearly viscoelastic material Rith constitutive 
equations of the formg 

s l ,  = G . d r , ,  (1) 

u,! = K.de, ,  (2) 

where C(r) is the shear relaxation function relating the 
deviatoric stress tensor si] to  the deviatoric strain tensor 
eij and K(r) is the dilatational relaxation function relat- 
ing the stress and strain invariants ctt and E,<. The 
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restriction that the particles be identical is chosen only 
to  illustrate the method and is easily removed. The 
notation for Stieltjes convolutions, introduced by Gurtin 
and Sternberg," is used in eq 1 and 2. Thus, if @ and 
\k are functions of position and time, @.d\k stands for 
the function defined by the Riemann-Stieltjes integral 

@.d\k = sr=' @(t - T)d\k(T) (3) 
7 = - m  

provided the integral is meaningful. 
have Stieltjes inverse if 

Also, @ is said to  

= H(t) (4) 

where H(r) stands for the Heaviside unit step function. 
If the contact region is comparatively much smaller 

than the dimensions of the spheres, it can be assumed 
that the displacement field set up in each sphere is the 
same as that set up in a half-space with the appropriate 
boundary and initial conditions. Thus, if a(r) denotes 
the radius of the circle of contact, then the total thrust 
W(r) acting over the contact region is given by the 
expression12 

W(t)  = (;)[k-l.d(a3)] 

which may be inverted t o  give 

u3(t)  = ( y ) [ k , d W ]  

where k is the auxiliary response function defined by the 
integral equation 

k ( t )  = (3K + 4G).d(2G + 6K)-'.d(2G)-' (7) 

Equation 5 reduces to  the result obtained by Brown4 if 
the radius of contact is assumed t o  vary with time ac- 
cording to  the expression 

u3(t)  = aoJH(r) (8) 

where uo is a constant. 
From geometrical considerations, the total distance of 

approach of the two spheres, a(t), from the state of point 
contact is related to  the radius of the contact circle 
a ( f )  by the expression 

2a2(t) 
a(t) = ~ R (9) 

If the viscoelastic material has similar behavior in 
shear and dilatation, then the Poisson's ratio for the 
material is a constant. For spheres composed of an  
incompressible viscoelastic solid, K = and 

k(r) = (4G)-' (10) 

The shear creep and relaxation functions for an  ar- 
bitrary viscoelastic material can be deduced from spring- 
dashpot model representations or  they may be obtained 
directly by measurements.g In  principle then, one can 
determine the total distance of approach of the spheres 
as a function of time if the total thrust is specified. 
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VanderhoW3 and coworkers considered in detail 
the interfacial forces involved in latex particle co- 
alescence. They found that the pressure forcing the 
spheres together as a result of the polymer water inter- 
facial tension depends on  the radii of curvature involved 
in coalescence and remains quite small until the contact 
area reaches some critical value. After the critical area 
has been reached, the contact pressure increases sud- 
denly to  some constant value. Therefore, it appears 
that the interfacial forces which cause latex particle 
coalescence can be approximated with the use of the 
Heaviside unit step function. 

In  general, the rate of particle coalescence for a n  ar- 
bitrary viscoelastic material can only be obtained by 
numerical methods. However, analytic solutions can 
be obtained for certain simplified models which serve t o  
illustrate the important features of the method. As an  
example, consider the coalescence of two incompressible 
viscoelastic spheres whose relaxation modulus can be 
expressed by an  equation of the form 

G(t) = E(t/b)-m (11) 

where b is a suitable unit of time, say 1 min, and E and m 
are experimentally determined constants; n7 may be of 
the order of 0.5. This expression provides a good ap- 
proximation for a number of materials over a limited 
range of values of time. 

From eq 10, the auxiliary response function is found 
to  be 

k(r)  = (1 /4)J( t )  = (sin m~/4Emn)(r/b)' (12) 

It is assumed that the total pressure forcing the spheres 
together has the form of a step function so that the total 
thrust is given by 

W(r) = xu2(r)PoH(r) (1  3) 

where Po is a constant and nuy( f )  is the total contact 
area a t  time t .  If this expression is substituted into eq 6, 
it is found that the total distance of approach of the two 
spheres must satisfy the equation 

a3 = 

(3aPoR/16)(sin mn/En) [U(T)]'((t - ~ ) " ' - l d ~  (14) 

This integral 

s,' 
where R is the radius of both spheres. 
equation can be solved to  yield 

a(r) = (PoR sin mn/SE)[r(m)r(2m)/r(3m)]r~ (1 5 )  

for the time dependence of the contact radius, where 
r ( m )  denotes the gamma function. If one follows 
Brown4 and assumes that film formation is complete 
when u(t) = 0.308R, then eq 15 can be used to  calculate 
the time required for film formation. 

The procedure used above to  derive eq 15 can also be 
followed for a pressure which is applied a t  time t = 0 
and is suddenly removed a t  some later time r = T. 

Such time dependence would be required, for example, 
to  describe the air drying of partially coalesced latex 
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films. The total thrust in eq 13 should then be replaced 
with the expression 

W(t) = xn2(t)Po[H(t) - H(t - 7)] (16) 

where T denotes the drying time and Po denotes the 
tensile strength of water. l 3  Materials which exhibit 
instantaneous elasticity and long-term viscous flow will 
recover partially under these conditions, whereas mate- 
rials which d o  not exhibit long-term flow will recover 
completely.8 However, if any mutual interdiffusion of 
free polymer chains across the contact area occurs, this 
would tend to knit the particles together'" and would 
inhibit recovery to some extent. 

111. Experimental Section 
There is very little information in the literature which can 

be used to test critically the above theory. The reason for 
this is that in the past, experimentalists have usually deter- 
mined only the minimum conditions under which a particular 
latex will form a continuous film on drying. but they have 
neither characterized the viscoelastic nature of the polymer 
in sufficient detail nor have they specified the total time 
during which coalescence actually occurs under these so- 
called minimum conditions. 

developed a technique for following 
the coalescence of Latex particles with time and temperature 
by differential thermal analytical methods. This technique 
can be used to study both sintzring of freeze-dried latexes 
and coalescence in the presence of water.16 At the present 
time, however, the only data available for an amorphous 
polymer are on the sintering of a series of well-defined 
Dow polystyrene latexes. 

It is found, using Mahr's calorimetric compensation 
method'? (ccm), that as the sample and reference are heated 
at a slow rate, there is no discernible exotherm until some 
characteristic temperature is reached which is somewhat 
greater than the glass transition temperature of the polymer. 
The differential temperature slowly rises and reaches a 
plateau as the latex coalesces and then it quickly drops 
after coalescence is complete. If a very slow heating rate 
and the highest sensitivity are used, it is found that the entire 
process can take place within a I-deg change in temperature. 
This method thus provides an estimate of the time required 
for coalescence near the characteristic temperature. At 
lower temperatures the rate of coalescence is too slow to be 
measured by the ccm, and sufficient data are not available in 
the literature using other methods. 

In order to separate sintering of latex particles from effects 
due to evaporation of the dispersion medium, Mahr" 
exhaustively dialyz:ed and then freeze-dried the latexes. 
He found that coalescence proceeds even in the absence of 

Recently, Mahr: 

water and the rate of coalescence strongly depends on the 
temperature. The capillary forces which come into play in 
this case are then due to  the polymer-air interfacial tensions 
as described by Vanderh0ff.1~ For the well-defined Dow 
polystyrene latexes studied, it is found that the characteristic 
temperature for coalescence is 102" and at this temperature 
coalescence is complete within 1.2 min. The glass transition 
temperature of polystyrene is approximately 96". 

The dynamic mechanical properties of polystyrene covering 
the temperature range from glassy consistency to rubbery 
flow is known.16 To a very good approximation over a 
moderate interval of time, log G(t)  is a linear function of 
logt. Then 

C ( f )  = E(t/h)-m (17) 

where b is chosen to have the value b = 1 min. At a tem- 
perature of 102" E = 7 X 106 dyn/cm2 and m = 0.5. Since 
the temperature region of interest is in the transition zone, 
these results are independent of molecular weight. 

To predict the rate of coalescence using the theory, a 
value must be chosen for the radius of curvature r ,  in the 
pulleylike interfacial region between two polystyrene latex 
particles. From electron micrographs, this value is found 
to be approximately 250 A. Since the surface tension u 
of polystyrene at 102" is approximately 25 dyn/cm, the 
pressure Po in eq 13 is calculated, following Vernderhoff,ls 
to have the value Po = u/r  = lo7 dyn/cmz. If these values 
are substituted into eq 15 it is found that at 102" the time 
required for film formation to be complete4 is predicted by 
the theory to be 0.95 min as compared with the observed 
value of 1.2 min. 

IV. Summary 

It is assumed that latex particles come into contact as 
the result of collision, after the stabilizing layers have 
been destroyed, or they are pressed together as the re- 
sult of %ater evaporation. The small radii of curvature 
in the contact region between two particles provide the 
driving force for coalescence. It is also assumed that 
the latex particles are composed of a linearly viscoelastic 
material so that well-known techniques can be employed 
to treat the contact problem. If one measures the re- 
laxation modulus of the material in  shear and selects a 
functional form for the pressure, then one can use the 
expressions given above t o  predict the rate of particle 
coalescence. In  general, this requires numerical meth- 
ods unless certain simplified models are chosen. An 
example is given for the sintering of polystyrene latex 
particles and the value obtained is compared with ex- 
perimental results. 
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